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Abstract. We are concerned with fully nonlinear elliptic equations on complex 
manifolds and search for technical tools to overcome difficulties in deriving a priori 
estimates which arise due to the nontrivial torsion and curvature, as well as the 
general (non-pseudoconvex) shape of the boundary. We present our methods, which 
work for more general equations, by considering a specific equation which resembles 
the complex Monge-Ampere equation in many ways but with crucial differences. 
Our work is motivated by recent increasing interests in fully nonlinear equations on 
complex manifolds from geometric problems. 
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In this paper we continue our study in [THl |T9] on fully nonlinear elliptic equations 
of Monge-Ampere type on complex manifolds. Let {M^^uj) be a compact Hermitian 
manifold of dimension n > 2 with smooth boundary dM and M = M U dM . Let x 
be a smooth real (1, 1) form on M. Define for a function u G C^(M) 



This is a fully nonlinear equation of Monge-Ampere type. Given ip G C°^(M ) and ip G 
C°°(9M) we seek solutions u G C°^{M) with > so that equation f lLlI) is elliptic; 
we shall call such functions in C^(M) admissible or strictly x-P^'^i"'i'Subharmoinc. So 
we require ip > 0; when ip > equation (11.11) becomes degenerate. 

Research of the second author was supported in part by an NSF grant. 
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We consider the Dirichlet problem 



(1.1) 
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Fully nonlinear elliptic and parabolic equations have close and natural connections 
with problems in complex geometry and analysis. In Kahler geometry, the classi- 
cal Calabi conjectures [5], [H], the Kahler- Ricci flow and solitons, and Donaldson's 
conjectures [11] concerning geodesies in the space of Kahler metrics, among others, 
all reduce to the existence, regularity and other questions about complex Monge- 
Ampere equations on Kahler manifolds. There has also been increasing interest in 
fully nonlinear equations other than the complex Monge- Ampere equation on com- 
plex or symplectic manifolds from geometric problems. In [12] Donaldson proposed 
the following equation 

(1-2) x" = cxr'Aa; 

on closed Kahler manifolds in connection with moment maps. The equation was 
studied by Chen [7], Weinkove and Song [H], [32], [29] using parabolic methods. More 
recently Fang, Lai and Ma [13] extended the results of [29] to a class of fully nonlinear 
equations that cover both (11. ip (where if) is constant) and (II. 2p . Another example 
which was important in leading us to (II. ip is the V-soliton equation introduced by 
La Nave and Tian [26] in their work on Kahler-Ricci flow on symplectic quotients. 

It is well known that a key step in solving fully nonlinear elliptic equations is to 
derive a priori estimates up to second order derivatives. For the Dirichlet problems 
in Kahler or Hermitian manifolds there arise new substantial technical difficulties in 
deriving these estimates. Our main interest in this paper is to search for general 
techniques to overcome these difficulties. The methods presented in this paper work 
for more general equations and produce new results even for fully nonlinear equations 
in C" and their real counterpart in M". We shall focus on the Dirichlet problem (II. ip 
here; other equations will be treated in forthcoming papers. 

We first state our result on the global estimates. 

Theorem 1.1. Let u G C'^(M) fl C^(M) he an admissible solution of equation (II. ip 
where ip G C^(M), ip > 0. Suppose there exists an admissible subsolution u G C^(M) 
satisfying 

(1.3) xl>'^Xu^uj^-' onM. 

Then there exist Ci, C2 depending on \u\co(^m)! \il\c^{m), the positive lower bound of 
Xu such that 

(1.4) maxlVwl < Ci(l + max|VM|), 
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(1.5) Am < 6*2(1 + max Am). 

The constant Ci depends in addition on 'm.iM'>P > but C2 only on |'i/'"^|ci,i(M)- 
Suppose in addition that (f G C^(9M) and u = u = (f on dM. Then 

(1.6) maxAM<C3. 

^ ^ dM - ^ 

For closed manifolds we have the following results. 

Theorem 1.2. Let {M,u) be a closed Hermitian manifold and u G C^(M) be an 
admissible solution of equation (ll.ip . where ip G C^(M), ip > Suppose that there 
exists a function u G C'^{M) satisfying 

(1.7) nxr^ >{n- l)tlJXu A w""^ on M. 
Then 

(1.8) |Vm| < Ci, |An| < C2 on M. 

The constant Ci depends in addition on inf^ > C*2 only on l^/'"-! |cl.l(M)• 
The estimate for Am in (II. 8p is due to Fang, Lai and Ma [H] when both u and x 
are Kahler and ip is a. positive constant invariant. In our case the main issue is to 
control some extra third derivative terms which occur due to the nontrivial torsion 
of (M, cu) when it is only assumed to be Hermitian. The estimate also holds in the 
degenerate case {tfj > 0) since it does not require ip to have a positive lower bound, 
and is independent of the gradient bound, i.e. C2 is independent of Ci in (II. 4p . The 
gradient estimate in (ll.4p which is indispensable to solve the Dirichlet problem (II. ip . 
is new even when (M, u) is Kahler and x = w. 

Using Theorem 11.11 we can prove the following existence result. 

Theorem 1.3. Let {M"',u) be a compact Hermitian manifold with smooth boundary 
dM, (f G C°°{dM), Ip G C°°{M) and ip > 0. Suppose there exists an admissible 
subsolution u G C^(M) satisfying (II. 3p in M and u = Lpon dM. Then the Dirichlet 
problem (II. ip admits a unique admissible solution u G C°°{M). 

Theorem 11.31 was proved for the complex Monge- Ampere equation by the authors 
in |18]. While equation (II. ip resembles the complex Monge- Ampere equation in many 
ways, there are some crucial differences and one needs substantially new techniques 
to derive the desired estimates. Especially, Theorem 11.31 is a new result even when 
M is a smooth bounded domain in with x = 0- [2Z] Li considered the Dirichlet 
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problems for complex Hessian equations in C" assuming the existence of a strict sub- 
solution. Equation ( ll.ip . however, fails to satisfy some of the key structure conditions 
in [27]. 

Fundamental existence theorems were established by Yau [H] for the complex 
Monge- Ampere equation on closed Kahler manifolds (see also [1]), and by Caffarelli, 
Kohn, Nirenberg and Spruck for the Dirichlet problem on strongly pseudoconvex 
domains in C". Cherrier and Hanani [8], [9], [25] made the first effort to extend these 
results to Hermitian manifolds, followed by [18], [3l], [35], [15] etc. In [35] Tosatti 
and Weinkove were able to extend Yau's C° estimate completely to closed Hermitian 
manifolds and therefore established Calabi-Yau theorem for the Bott-Chern cohomol- 
ogy class. It would be desirable to derive C° estimate for equation (11. ip on closed 
Hermitian manifolds. In a different direction, the main result of [3] was extended by 
the first author [17] to general domains in C" under the assumption of existence of 
a subsolution, which found useful applications in some important work; see e.g. [21] . 
[22] . [6], [3] and [28]. This is part of the motivation for us not to impose any further 
assumption on the boundary beyond smoothness in Theorem 11.31 so that it would be 
more convenient to use in applications. 

The parabolic Monge- Ampere equation on closed Hermitian manifolds was studied 
by Gill [15], Tosatti and Weinkove [38]. In a series of papers [30], [31], [32], [33] 
Streets and Tian investigated general curvature flows of Hermitian metrics. Gen- 
eralizations of Yau's theorems to symplectic four-manifolds with compatible almost 
complex structures were proposed by Donaldson [13], and studied by Weinkove [33], 
Tosatti, Weinkove and Yau [39], [36], [37] . 

Deriving gradient estimates for fully nonlinear equations on complex manifolds 
turns out a rather surprisingly difficult task. For the Monge- Ampere equation it was 
carried out by Cherrier [8j and later rediscovered by P.-F. Guan [23] and Blocki [2]. It 
was, however, only very recently that Dinew and Kolodziej [10] were able to prove the 
gradient estimate for complex Hessian equations on Kahler manifolds using scaling 
techniques and Liouville type theorems. It would be interesting to extend our proof 
of the gradient estimate to more general equations, at least for x-plurisubharmoinc 
solutions. 

Remark 1.4. Theorem 11.31 was proved in for the complex Monge- Ampere equation 
under the stronger assumption u G C^(M); see Theorem 1.1 of [18]. Using the 
methods of this paper it can be weakened to m G C^(M). 
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The rest of the paper is organized as follows. In Section [2] we recall some basic 
formulas on Hermitian manifolds and present a crucial lemma on which our estimates 
in the subsequent sections will heavily depend. Section |3] and Section [Hare devoted to 
the proof of the maximum principles for |Vm| and Au, the gradient and Laplacian of 
u, respectively. In Section |5] we derive the boundary estimates for second derivatives, 
completing the proof of Theorem II. 1[ Once these estimates are established, equa- 
tion (11. ip becomes uniformly elliptic. We can therefore come back to derive global 
estimates for all (real) second derivatives as in Section 5 in [18] and apply the Evans- 
Krylov theorem for higher derivative estimates; Theorem 11.31 then may be proved by 
the continuity method. We shall omit these standard steps. 

We wish to thank Wei Sun for carefully reading the manuscript and pointing out 
various errors in the previous versions. 



In this section we briefly recall some basic formulas to be used in the subsequent 
sections. We shall mostly follow notations in [18]. Throughout the paper, g and V 
will denote the Riemannian metric and Chern connection of (M, u), respectively. The 
torsion and curvature of V are defined respectively by 



In local coordinates z = {zi, . . . , Zn), Zj = Xj + \f^-Vyj we denote dj = d/dzj, 
dj = d/dzj, 1 < j < n, and use the following notation 



2. Preliminaries 



(2.1) 




(2.2) 




giT{d,,d,),d,), Tt^ = , 
g{R{di, dj)dk, Bi) 




-1 



and, for a function v E 



(M), vfj = v-ji = didjV, Vfjk 



dkV, 




kiVfj and 



'^ijkl — BlVijk — ^IjViqk- 
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Recall that Vij — Vji = 0, Vij — Vji = Tj^jVi and (see e.g, [iHj and [T9] ) 

{'^ijk '^kji ^ik'^lji "^ijk "^ikj 9 ■^kjifhVli 

'^ijkl ~ ^fjlk = 9^'^Rkliq^pj ~ 9^'^Rplkj^iq^ 
"^ijkl ~ ^klij = 9^'^{Rkliq1^pj ~ RijkqVpl) + Tf^JJ^ji + TjjViqk — Tf^TjiVpq. 

Let u G C^(M) be a solution of equation (II. ip . We denote 

Q^] = Xi] + W.J, {i^} = {0ij}"\ W = iix + An, F^^^ = - ^. 
Locally equation (II. ip then takes the form 

(2.4) detg.j = -iydet(?,j. 

n 

Finally, we note that since u G C^(M) and Xm > on M, 

(2.5) ^OJ <Xu^ e~^uj 
for some e > 0. Therefore, 

(2.6) i^*^'(x.J + w.j)>eF%. 

It is well known that A — (det A/trA) is concave for positive definite Hermitian 
matrices A and hence so is A — > log det A — logtrA. Suppose m is a subsolution then 

F'Hufj - Ufj) > in M. 

Consequently, u—u is constant if M is a closed manifold. The following strict concavity 
property plays crucial roles in our estimates. 

Lemma 2.1. Letu G C^(M) be a subsolution of (12. 7p . There exist uniform constants 
9,N > depending on e and supj\,j ip such that when W > N, 

(2.7) F^iv^-u^^)>9il + F^g^). 

This lemma actually holds under the weaker condition (II. 7p and was proved in [H] 
for a class of equations including (II. ip . For completeness we include a proof which 
seems simpler in our special case. 

Proof of Lemma \2. 1[ At a fixed point assume that gij = 6ij and {Qij} is diagonal. By 
(12. 6p if some Qij is very small then (12. 7p clearly holds. So we may assume 0ii > ■ ■ ■ > 
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Qnn > Ci (and therefore, ng^i > W) where Ci > depends on e. We have 



(2.8) ^ ^^^^,9ndetix, + u,) 

(Xii + Mii)det(0ij) 

^ 1 xn-l (fax + A^)011 

^ (Xii+Mn)W^" 

The second inequahty in (12. 8 p follows from 

YliXii + Uii) > detixfj + uq) 

while the third from the fact that tt is a subsolution and u a solution of equation (12. 4p . 
Assume now that W > N . It follows from equation (12. 4 p that for any i = 2, . . .n, 

(2.9) W = \n ■■■Qnn> -Q^l^^^cr' > ^""^ = ^Qa- 

ip ip sup ip 

Therefore, 

011 1 1 ^1 ~ 1 



On the other hand, by (12. 5p . 



trv + Am 1 v-^ , , / s 9 

\ - = 1 + 7 >l + {n- l)e'. 



Xii + Mil Xii + Mil ^2 



Consequently, 

J]0'^(x.i + M.^) >{n- 1)(1 + (n - l)e2))^(l - (n - 1)A-')^K 
Note that = g*^ - .1,, F**g- = - 1. By ([M]), fixing large we derive (ETD- □ 

3. Gradient estimates 

In this section we prove (II. 4p . 

Proposition 3.1. Letu G C^(M)nC^(M) be an admissible solution of equation (II. ip . 
There exists a uniform constant C > such that 

(3.1) maxlVwl < C(l + max|VM|). 
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Proof. Let = Ae^"^ where i] = u — u — mi m{u — u) and A, B are positive constants 
to be determined later. Suppose the function e'^lVwp attains its maximum at an 
interior point p G M. We choose local coordinates around p such that gfj = 5ij and 
Qfj is diagonal at p where, unless otherwise indicated, the computations below are 
evaluated. 

For each i = 1 n, we have 



{\Vu\ 


% 






2 



(|Vn| 


% 






2 



(3-2) ^^^ + 0. = 0, +0^ = 

and 

(3-3) - '^;:',r' + < o. 



{\Vu\ 


'h l(|v«| 




2 






2 




4 



A straightforward calculation shows that 
(3.4) (iVuHi = UkUik + UkiUk, 



On the other hand, differentiating equation (12. 4p gives 

_ f F**-V - 

""Mfc Jfc Xiik 

where / = log-0. It follows that 

(3.6) F^\\VuW- > F^Uk^u + Y.F%fk - T^jUil' " C|Vnp J^F*^ - 2|V«||V/|. 

k 

By (D and dH, 



(3.7) |(|Vu| )i| =\ukUki\ -2\Vu\ DKt{ukUi-k(j)i} - \ukU. 



ik I 



Combining (13. 3p . (13. 7p and (13. 6p . we obtain 

(3.8) |Vm|2F>,j + 2F%e{nfcM,fc0O < 2\Vu\\V f\ + C\Vu\^Y.P' 

Next, 

0i = B(t)'qi, (j)fi = B(t){Briirri + 7]^). 
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We have 

(3.9) = 2SF"fRe{0iiMir7i - UkXikVl} 

> 2BF'^Qa'y^t{u,ru} - ^\Vu\^F%rn - C J] F'\ 



Therefore, by fl3.8p 



^'■''^ 2IV/I 



<^EIL + c(^ + —)S^F- 
- B(f)\Vu\ VIVmP B(f)J ^ 



\Vu\ \\Vu\ 

Suppose now that W > N where N is sufficiently large so that fl2.7p holds. We 
consider two cases: (a) gjj < Ci for some j and (b) Qii > Ci for all 1 < i < n where 
Ci > is a (sufficiently small) constant to be determined. 

In case (a) we have by Lemma 12.11 

> ff-v 1(1 . E^") a ^) + 1(1 + E^' 



Note that 



^ \mt{u,rn}\ |Vr/| 



provided that |Vm| > |Vm|. So if ci is chosen sufficiently small, we derive a bound 
|Vm| < C by (I3.10p when B is sufficiently large. 
In case (b) assume that Qii > ■ ■ ■ > Qnn- Then as in (12. 9p we have for alH > 2 



W = -011 ■ ■ ■ Qnn > -QllQiiCi > 



It follows that 

(3.11) Bii<c?-"supz^ = Ci, 2<i<n, 

M 

and 

(3.12) 2J:F%J^ > -f ^fW- ^§^E^"- 

i>2 ' ' i>2 i>2 

On the other hand, by (13. lip we have W < gn + {n — l)Ci and therefore, 

(3.13) F^^flil = 1 - ^ < ~ '^^^ 



W - N 
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Plug (13.121) and fl3.13p into f l3.10p and assume IVm] > |Vm|. we obtain 
C^U) pn„_^ 4(n-l)Ci 2|V/| MC! C .C^^ r, 



By Lemma [2. H this gives a bound |Vm| < C if we fix and B sufficiently large. 

Suppose now that W < N . By equation (12. 4p we see that > Ci, 1 < i < n for 
some Ci > depending on infjv/ ip. It follows that 

Thus F^^rjiTfi > ColVr^p. Plugging these back in (I3.10p we derive \Vri\ < C which in 
turn implies a bound |Vm| <C. □ 



4. The second order estimates 

Proposition 4.1. Letu G C^(M)nC^(M) he an admissible solution of equation (II. ip . 
Suppose ip > and tp^^ G C^'"'^(M). Then there exists C > depending on maxj^^, e 
in (12. 5p anc? t/ie C"*^'^ norms of x, H and ijj"^ as well as the geometric quantities of 
M such that 

(4.1) IV < C(l + maxiy) onM. 

Proof. Recall that W = Au + trx > 0. We assume ip > 0; the general case ip > 
follows from approximation. Suppose that e'^W achieves its maximum at an interior 
point p & M where is a function to be determined. Choose local coordinates around 
p such that gij = 6ij and g^j is diagonal at p. We have (all calculations below are 
done at p), 

Wi Wi 

(4.2) ^ + ^^-0, ^ + ^.-0, 



Now, 



(4.4) 



j j 
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where 

K — ^^(Xjji ~ Xijj + T^Xlj)- 
j 

By Schwarz inequality, 

(4-5) I 5^(0.5, - T^,5n)f < WY.&'^lQ^, - 7^0,5p. 

j j 

By we write 
j 

From fl4.4p and (14. 5p we see that 

\W-\^ - — 
(4.6) ^ < 0^'^|0.j, - 7;^.0,,f - 2^c{<PiXi}. 

Differentiating equation f l2.4p twice we obtain (at p) 



(4.7) 0"0iifcfc - 0"0^-'0iJfc0iifc 7^ + ' .r^2 = f> 



|2 



From fl23|) . 

(4.8) Qfikk ~ Qkkii = RkkiiQii ~ RiikkQkk + 29^e{7y;j,0jjfc} — \Tlf^\'^Qfj — Gfikk 

where G^ifefc = XkM-Xiikk + RkkipXpi-RfikpXpk + '^^^{TiXijk}-T[kT^^ Combining 
fHTl) and (iSD gives 



1^2 



+ A/ + (0^^0,^ - l)R^kk + Q^G 



iikk 



where 



Ci = - inf inf Rnfj, C2 = inf inf ^ Giifcj,, C3 = sup ^ i^i^jj. 
By (BSD, M and 

(4.10) - " ly 1^2 
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Let = e^'^ where r] = u — u + supj^j(M — u) and A is a positive constant. We see 
that (pi = Acprji and (pfi = Acprjii + A^(l)rjirti. Therefore, applying Schwarz inequahty, 

(4.11) >-^^^^l^^i^-^^E^"-^Eii 

The last inequality in (14. lip follows from 

= - ^ = ^ E 0^'^ ^ ( n fl^s) 

k^j kytj 

^ 1 



(gii)„-i(det0fc;-)"-i = — —{q^^)"-'(-)" ' > 



Suppose W is sufficiently large. Then by Lemma 12.11 
l^^c\>^=F%i^^AF%ijji 

(4.12) 

>afS^ + 0(i + ^f^^). 

It follows from fICT?]) . f HTT]) and fITO]) that 

(4.13) ^A(iy - C) - C^T^iy + A/ + W{QA -C - C(f)-^) ^ < 
provided that W is large enough. We obtain when A is sufficiently large, 

(4.14) ^AW^g^' <Cip^W - Af. 

Note that |A/| < Cip'^ where C depends on l^/'" |ci.i(m); see e.g. El. We 
assume 0ii > . . ■ > Qnn (and therefore, riQii > W). As in (12. 8p we have 

1 

(4.15) ^ (- - 1) 11(0^')^ = : > 

i>2 det(0ij)"-i mp"-^ 

Fixing A sufficiently large we obtain a bound for W at p from fl4.14p . □ 



complex monge-ampere type equation 
5. Boundary estimates for second derivatives 
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In this section we derive a priori estimates for second derivatives on the boundary 
(5.1) maxlV^Ml < C. 

dM 

As in \JEl we follow the methods of [20], [IS], [IZ] using subsolutions in construction 
of barrier functions. The new technical tool needed in this approach is Lemma 12.11 

To derive (15.11) let us consider a boundary point G dM. We shall use normal 
coordinates around such that d/dxn is the interior normal direction to dM at 0. 
For convenience we set 

and write for a function v G C^{M) 



We have 
(5.2) 

Similarly, vi^^ 
derives 



dt^v, Vit^ = Vt^iV := dt^diV - d^.^Q^v, = Vtjv, etc. 



T^vi and vj^ 



lyj ^yji 



ITljVj. Moreover, by fl2.3p one 



(5.3) 



1}~ — 1) 



(5.4) 



Since u — cp = on dM, one derives 

<C, a,P <2n 



where C depends on \u\ci(M)y ImIc^a?), the principal curvatures of dM. 
To estimate Ut^x„{0) for a < 2n, we shall employ a barrier function of the form 



(5.5) 



(u — u) + ta — Ta"^ in Vts 



MnB, 



where t, T are positive constants to be determined, Bs is the (geodesic) ball of radius 
S centered at p, and a is the distance function to dM. Note that a is smooth in 
Msg := {z e M : a{z) < 5o} for some 6o > 0. 
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Lemma 5.1. There exists cq > such that for T sufficiently large and t, 6 sufficiently 
small, V >0 and 

(5.6) F^'^v.j < -co(l + F'^gf,) in Qs- 

Proof. Note that, since a is smooth and cr = on DM, for fixed t and T we may 
require 5 to be so small that f > in fi^. Note also that 

for some constant Ci > under control. Therefore, 

(5.7) F'Hfj < F'\ufj - U-) + Ciit + TcT)F'~^gfj - 2TF'~^aiaj in Qs- 

Fix > sufficiently large so that Lemma [2.11 holds. At a fixed point in Qg, we 
consider two cases: (a) W < N and (b) W > N. 

In case (a) let Ai < ■ ■ ■ < A„ be the eigenvalues of {0ij}. We see from equation (12. 4p 
that there is a uniform lower bound Ai > Ci > 0. Consequently, 

,5.s, ..W.. (i;-i)|v.,^.M;i^|vH'^.Hi<^|vH'^^^^ 

Let T = By dEZD and (Q, 

ci( n- 1)T ^ _e 
2A^2 - 2 

if we require t and 6 small enough to satisfy Ci(t + T6) < e/2. 

Suppose now that W > N. By Lemma [2.11 and fl5.7p . we may further require t and 
5 to satisfy Ci{t + T6) < 6/2 so that (ES]) holds. □ 

Using Lemma 15.11 we may derive the estimates |Mt„a;„(0)| < C (and therefore 
l^x„tc«(0)| < C) for a < 2n as in \18\] we shall only give an outline of the proof 
here to correct some minor errors in [T8] . 

For fixed a < 2n, we write r] = o't^/o'x„ and define 

r = -r?V^. 

Ota dxn 

We have 

\r{u ~(f)\ + {uy„ - ipyj^ < c in r]^. 

On (9M since u — (f = and T is a tangential differential operator, we have 

T{u -f) = on dM n fi^ 



(5.9) F'^v^ <n-l + {C^{t + Ta)- e)F^g^ - Attt^ < (1 + 
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and, similarly, 

(5.10) {uy„ - (py„f < Cp" on dM n Bs. 
In [IH] we used the formula 

(5.11) Q"\Tu)fj = d'^iut^fj + VUx^fj) + S'^VijUx^ + 2Q'^^Rz{r]iU^j}. 
The correct one should be 

(5.12) Q''iTu)fj = d'^iMij - Viuxjij) - Q''VijU.„ - 2Q'mc{rii{u,Jj}. 
We have {utj] = Ut^j + u^^t^ and 

(5-13) (wtjij = ut^q + Uiiy-^t^) + M(v,t,)j - u^iWiU- 

Note that Ui{s/-^ta) + '^{Vita)~j is equal to a linear combination of terms in the form 
and Mfcj since = 0, and that \F'^^Qij,\ < C. 

Differentiating equation (12. 4p with respect to t^, a < 2n, by (15. 3p we obtain 

(5.14) \r^u,^,^\ < |(logV^)iJ + \F^x^t^ + \F'Hu,^,^ - w,j,J| < C{1 + F%). 



Here we also used the identity 

1 

W 

Next, 



(5.15) r^Ti^q =Tl- -TU- - F^^Tlao- 



F'^7],{u - V9),„j = F''r]i{2{u - v?)nj + V^{u - ^)y^j) 
(5-16) . ^rj^ 

W 

By fOil) and dSHD we obtain 



2r7„ - 2^ - 2F^r],{Xrq + ^„j) + V^F^^r],{u - y.),„j 



(5.17) \5''{M,j-v{u,M\ < |r(/)|+Ci(l + 0%^). 
Now the rest of the proof is similar to [18j. In summary we have 

(5.18) (0)1 < C and |m,„<JO)| <C, a< 2n. 
To finish the proof of (15.11) it suffices to prove 

(5.19) g„^(0) < C. 
Expanding det0jj(O), by equation (12.41) we see that 

(5.20) det 0,j(O) = aQnniO) - b = 0*^(0) 
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where a = det(0Q,^(O)|{i<Q,^^<„_i}) and 6 > is bounded. To show Qnn{0) < C we 
only have to derive a uniform positive lower bound for a — V^(0). For this we shall use 
an idea of Trudinger [ID] combined with Lemma 12.11 
Let TcdM be the complex tangent bundle of dM and 

Tc'^^dM = T^^'^M n TcdM = e T^'^M : da{0 = o}. 

Let Xu and u denote the restrictions to TcdM of Xu and u respectively. We wish to 
show 

Au 

mn = mm > 1. 

Suppose mo is attained at a point G dM. Choose local coordinates around as 
before so d/dxn is the interior normal direction to dM at 0. 

Let Ci) • • • ) Cn-i be a local frame of vector fields in T^'^^dM with g{(a, Cs) = 
and Ca(0) = Ta{0). Let a^/s = XuiCaXp)- Then 

Xn"-' = det(a„^)c2;"-\ 

We extend (i, . . . , Cn-i by their parallel transports along geodesies normal to dM so 
that they are smoothly defined in a neighborhood of 0. Similarly we assume ip is 
extended smoothly to M. We denote Ua/s = ""CaC^i' 

Define, for a positive definite n — 1 by n — 1 Hermitian matrix {r^^}, 



G[ra0] = det(r„^)"-i 

and let 

Note that G is concave and homogeneous of degree one. Therefore, for any {r^^} > 0, 

Since m„^(0) = m„^(0) = u^^{0) - (m - u)^„(0)(t„^, 

^^^(0)] = Gfa^^iO) = Gfiu^^iO) + Xam) - " M).„(0)Gf a,^(0). 
Suppose that for some small > to be determined, 

{u - uhMGf a^^iO) < eoGfiu^^iO) + x.^-(O)). 
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Then 

GK^m > (1 - 9o)Gf{u^^{o) + x^m) 

^ iknn ~r Ann 

■(Am + trx)'?/'\ 



(l-^o)(- 



Mnn "I" Xnn 

> (1 - 0o)(l + (n - l)e^)^7/;^(0). 
Choosing 6q small enough we obtain 

deta^^(O) ^ . ^0 
mn = — > 1 H . 

Suppose now that 

{u - u).MGf<y^m > ooGfiu^^io) + x^m)- 

On dM near 0, 

where v is the interior unit normal to dM. Write 

dta' 



a<2n 

We have \{u — ^p)tj < Gp and |z/"| < Cp since t/"(0) = for a < 2n and u = ip on 
dM. Define 

(p = Gf{!f^0 + Xap) - (m - v)xr,^^"Gfa^0 - (moV^)^ 
= - (m - (f)^^r] + Q 

where rj = z/^^Gq '^cTq,^ and Q are smooth. On dM, 

<P = Gfa,^ + [{u - - u'^u - v).JGfa^^ - (mo^)^ 
> [{u - if), - u^-{u - ^).J > -Gp' 
Note that ^(0) = and 

r?(0) > 0o(l + - l)e2)^V^^(0)/(M - u)^M > C2 > 0. 
We calculate as before using f l5.13p 
(5.21) F^^^ < - vF'^u,^^ - 2F^mt{r],{u - + GF'^g^. 
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Therefore, by (KW) and (l5A6ll 

(5.22) F^H$ - \{u - ^)yS)^ < C{1 + F^g^). 

Consequently, by Lemma 15.11 we see that Av + Bp^ + <P — \{u — ip)y^\'^ > on 
d{M n BsiO)) and 

(5.23) F'^Av + Bp^ + $-\{u- ip)yj%] < in M n 5^(0) 

when A ^ B ^ 1. By the maximum principle, Av + Bp + <P — \ {u — f)y„\'^ > in 
MnBs{0). Note that ^(0) = G[0„^(O)]-(mo^(O))^^ = 0. We see that (0) > -C. 
This proves 

(5.24) w.„.„(0) < < ^. 

?7(0) C2 

So we have an a priori upper bound for all eigenvalues of {Qij{0)}. Therefore they 
must admit a positive lower bound. Consequently, by equation fl2.4p . 

mo > — — > 1 + Co. 

0nn(O) 

This completes the proof of (15. ip . 
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